Rutgers University: Algebra Written Qualifying Exam
August 2014: Problem 2 Solution

Exercise. Let G = G; x Gy where G = G4 = Sy, the symmetric group on four letters. Suppose that H
is any subgroup of G such that H = S4. Show that either HN Gy =1o0or HNGy =1

Let HH = HN Gy and Hy = HN Gy
Since G = G4 x Go, G1 <G and G5 < G. really think Gp=G1 x {1} and Gy ={1} x G,
For any normal subgroup K of G, the subgroup K N H < H is normal in H

— Hi=HNGi1<H and Hy=HNGy< H
Also, Gi1NGy =1 SO HNHy=1

— HixHy,=ZHH,<H
And for any =z € H,

cH Hyx ' = (zHix V) (zHoz ™)
= H1Hy since Hl,H2<]H

Thus, HyHs is a normal subgroup of H.
Since Hq, Ho, HHHs <t H = Sy, look at the normal subgroups of Sjy.
1 =1, |S4| = 24, |Ag| = 12 Vil =4

Since ’Hl N H2| =1,
|H1Ho| = |Hy||Ha|

By looking at possible orders of Hi, Ho, and HjH, it is obvious that either

H1:1 and H2:S4
OR
H1 = S4 and H2 =1




